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Abstract 

We classify equivariantly Gorenstein log del Pezzo surfaces with 
boundaries at infinity and with finite group actions such that the quo- 
tient surface modulo the finite group has Picard number one. We also 
determine the corresponding finite groups. Better figures are available 
upon request. 

Introduction 

Let X be a normal projective rational surface with at worst rational double 
singularities and let D he a reduced divisor on X. We, further, assume 
that there is a finite group G acting faithfully on X so that D is G-stable. 
We assume that {X,D) has log terminal singularities (cf. (Zj, [Oj, [iHl) and 
'k{X \ D) = —oo. Let f : X —>■ X he the minimal resolution. Let D he the 
proper transform of D. We can write f*{D) = D + A, where A is a positive 
Q-divisor such that Supp (A) is the exceptional locus of / arising only from 
the singular points lying on D (cf. ibid.). It is also known (cf. ibid.) that the 
exceptional graph of /~^(P) with P E D n Sing (X) is a linear (— 2)-chain 
and that one of the end components of the chain meets transversally D in 
one point. The G-action on X lifts up to a G-action on X such that D + A 
is G-stable. 
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Our objective is to describe a pair (X, D) with finite group action of G. In 
the present article we shall determine the geometric structure of the minimal 
resolution (X, D + Ared + A) (see Remark (2) below) of (X, D) as well as 
the group action G on X. We assume the following: 

Hypothesis (H) X has at worst rational double singularities, (X, D) is log 
terminal, D ^ 0, k,{X \D) = — oo and p{X//G) = 1. 

Theorem A Assume the Hypothesis (H). Then either K\ > 8 and one 
of the cases (la) — (1/) in Lemma 4 occurs, or 2 < < 6 and f~^D + 
/^^(SingX) = D -\- Ared + A (see Remark (2) below) is given in Figure m 
for some 1 < m < 43 (see Section 2). 

Remark (1) In [22], the equivariant classification of the pair (X, G) where 
X is smooth, is treated. In pHI, the authors dealt with the pair (X, G) where 
p{X//G) > 2, but X is assumed to be only log terminal. In a finiteness 
criterion for |ylnt(X)| is given, where X is Gorenstein del Pezzo of Picard 
number one. See also jS]. 

(2) We can write f~^(D) = D + A^ed _and /"^(SingX) = A^cd + A, where A 
is contractible to singular points on X but not on D. We let A = Ai be 
the irreducible decomposition. 

(3) Note that either D is irreducible or D = Di + D2 is a linear chain of 
two smooth rational curves (see Lemma 3). Figure m contains the graph of 
D + Ared + A + (some (— l)-curves like E,Ei,Fj), where each (— l)-curve 
(resp. each other curve) is represented by a broken (resp. solid line) with 
self intersection typed next to it. 

(4) Also shown in each Figure m is a P^-fibration $ : X ^ i? (= P^) with all 
its singular fibres drawn vertically; thus one can read off from each Figure 
m, the Picard number p{X) and Kx by blowing down X to a Hirzebruch 
surface. See Lemma 14. 

(5) We use the notation A = X]!=i {\)red = XljLi ^i(j) Lemma 2. In 
each Figure m, if A or Aj is irreducible we use the same letter to denote its 
support (which is a reduced irreducible curve). If t = 1, we set A(j) := Ai(j). 

Theorem B Concerning the group G acting faithfully on X (or X), the 
following assertions hold: 

(1) With the notations and assumptions in Theorem A, each G is deter- 
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mined in Section 2. 

(2) Conversely, given Figure m of D + Ared + A on a surface X for some 
1 < m < 43 m Section 2, we let f : X ^ X be the contraction of A + A 
and D = f^D. Then we can fi,nd a finite group G specified in §2 acting 
on X faithfully such that the Hypothesis (H) is satisfied. 

Theorem C. With the notations and assumptions in Theorem A, assume 
further that K\ < 4. Then either G is soluble or\G:H\ < 2 for some group 
H in {g — (aij) e PGL 2(C) | a^j 7^ only when i — j or {i,j) — (3, 1)}. We 
have G = H except the case of Figure 25. 

Conversely, any finite group in PGL2{'C) of the form above can act on 
some X faithfully so that the Hypothesis (H) is satisfied. 

W assume throughout the article that the ground field k is an algebraically 
closed field of characteristic zero. 
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the financial support under the program "Scheme for Promotion of Research 
Interaction " which realized this joint work. The second author was sup- 
ported by an Academic Research Fund of NUS. The authors like to thank 
the referee for careful reading and suggestions which improve the paper. 

1 Geometric structure of the surface X 

Let us begin with the following result. We assume Hypothesis (H) in §1. 
Lemma 1 The following conditions are equivalent: 

(1) The Picard number p(X//G) = 1. 

(2) (PicX)^ = Z. 

(3) (Pic X)^ (g) Q = ((Pic X) (8) Q)^ ^ Q. 

Proof. Since the pull back of the quotient map X — > XjjG induces an 
isomorphism between (Pic(X//G')) ® Q and (PicX)'^ ® Q, (1) and (3) are 
equivalent. Since X has at worst quotient singularities, the resolution / 
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induces an isomorphism 7ri(X) 7ri(X) by Theorem 7.8 in ^U]. So 7ri(X) = 
1 and hence Pic X and (Pic X)^ have no torsion elements; thus (2) and (3) 
are equivalent. This proves the lemma. Q.E.D. 

From now on, we assume one of the equivalent conditions of Lemma 1. 
We call such a pair (X, D) with a finite group action of G a Gorenstein open 
log del Pezzo surface provided D ^ Q. 

Lemma 2 The following assertions hold. 

(1) D, —Kj^ and —{Kj^+ D) are all Q-ample divisors. Each of them gen- 
erates (Pic X) (g) Q. The divisors D + A, -Kx and -{Kx + D + A) 
are all nef and big and Q-proportional to one another. 

(2) / : X — s> X zs nothing but the contraction of all (—2) -curves on X . 
If C is a curve on X with C"^ < 0, then C is either a {—l)-curve or 
a {—2)-curve. If X —>■ J^d is a birational morphism to a Hirzebruch 
surface of degree d, then d = 0, 1, 2. 

(3) If ^ : X —>■ ¥^ is a -fibration and Fi a singular fibre, then either 
( type In) Fi = Ei + Ai + ■ ■ ■ + An + E2 is an ordered linear chain where 

n>0, or (type IIJ Fi = 2{E + H h v4„) + A^+i + An+2 where 

n >1 and both E + Ai + ■ ■ ■ + A^ and An+i + A„ + An+2 are ordered 
linear chains, or (type IIq) Ti = Ai + 2E + A2 where Ai + E + A2 is 
an ordered linear chain; here the E,Ei are {—l)-curves and the An are 
{—2)-curves. 

(4) Let A = Yll=i decomposition into the connected components 
and let (Aj)i.cd = irreducible decomposition with the 
dual graph below. We set A(j) := Ai(j) when t = 1. 

-2 -2 -2 

o o o o 

D A,(s,) Msi-l) A,(l) 

Then we have 

A.=i:^A.(,). 
.1=1 ^ 
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Proof. (1) Note that both Kj^ and D are in (Pic X)'^ (g) Q. We shall 
show that — (-ft'x + is Q-ample. Note that k{X, Kx + D + Ared ) = —oo. 
Suppose either + D = or + D is Q-ample. Consider the pull-back 
Kx + D + ^ = f*{Kx + D). Then either n{Kx + D + ^) ^ Q because X is 
rational or n{Kx + -D + A) > for a positive integer n. Then we have 

-oo = k{X, Kx + D + A,ed ) > n{X, Kx + D + A) >0, 

which is absurd. So, —{Kj^+D) is a Q-ample divisor. Clearly, D is Q-ample. 
Since —K^ = —{K^ + D) + the divisor —K^ is ample. 

(2) follows from the ampleness of —K^ and that —Kx = f*{—K^). 

(3) is a consequence of (2) (see also Lemma 1.3 in pij). 

(4) follows from the fact that -{Kx + D + A).A,(j) = 0. Q.E.D. 
The following result describes roughly the shape of the divisor D. 

Lemma 3 We have the following assertions. 

(1) Either D ^ P^, or D = Di + D2, where Di ^ and D1.D2 = 1. In 
both cases, D.{D + Kx) = -2. 

(2) D.A < 2, and A-A <l if D = Di + D2. 
(3) 

^<{Kx + D + Af = {Kx + D).Kx + A.D-2< {Kx + D).Kx. 

(4) Suppose X contains a {—l)-curve E which is not a component of D. 
ThenEnD = and E.A < 1. Furthermore, A ^ and E.A > 0. See 
also Lemma 8. 

Proof. Let Di be an irreducible component of D. Then we have 

< -{Kx + D + A).D, 

= 2- 2pa{Di) -{D- Di).Di - A.Di < 2 - D^.{D - D,). 

This implies that Di.{D - Di) < 1 and Di = P^. Since D + A = f*{D) 
is nef and big, it is 1-connected, whence connected; see the proof of Lemma 
1 in p. We note that if D is not connected then D + A is not connected 
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either. This is because each connected component of A meets exactly one 
irreducible component of D. The assertions (1) and (2) are thus proved. To 
verify the assertion (3), note that ^.{Kx + -D + A) =0 and -ft'x-A = 0. In 
view of the assertions (1) and (2), the computation is made as follows: 

< (Xx + ^ + A)' = (Kx + i:* + A).(Xx + D) 

= {Kx + Df + A.L> = -2 + {Kx + D).Kx + A.L> < {Kx + D).Kx. 

Let E now be a (— l)-curve as in the assertion (4). Then we have 

< -{Kx + L> + A).£; = 1 - D.E - A.E, 

where A.E > 0. This implies that D.E = and E.A < 1. Suppose E.A = 0. 
Then E (1 (D + A) ^ $ and the image on X of £■ is disjoint from !D. This 
contradicts the ampleness oi D. Q.E.D. 

In case X has no singular points on D, we can determine the surface X. 
Lemma 4 We have the following assertions. 

(1) // Kx > 8 then one of the following cases occurs, where S2 is the 
Hirzebruch surface with a minimal section M such that = —2. 

(la) X = P2 and deg D = 1,2, 

(lb) X = X and bidegD = (1, 1); there is an element g in G which 
interchanges the two different rulings on X , 

(Ic) X = S2 (the quadric cone in F'^) and D is a hyperplane not passing 
through the vertex of the cone, 

(Id) X — 122, Ared = M and D is a fibre, 

(le) X — 122, ■^red — M and D is a section with self -inter section A, 

(If) X = S2, Ared = M and D is the sum of a fibre and a section (disjoint 
from M) with self-intersection 2. 

(2) // A = then K\ > 8 and hence case (la), (lb) or (Ic) occurs. 
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Proof. For the assertion (1), note that X = or X is a Hirzcbnich 
surface of degree d < 2 (see Lemma 2). So if A 7^ 0, then X = S2 
and A = (1/2)M. Now (1) follows from the fact that both D + A and 
— {Kx + -D + A) are nef and big. The last part in (16) follows from the fact 
that p(X//G) = 1. 

Let A = 0. Suppose the contrary that < 7. Then X contains a 
(— l)-curve E. By Lemma 3, E is contained in D. Since D is nef and big we 
have D = Di + D2 with Di = E and > 0. Then both A are G-stable. 
Hence Di = aD2 with a > 0. Indeed, Di is the total transform of its image 
on X//G, and the images of the Di on X//G differ by a constant multiple 
which is a rational number a > 0. Then we have 

-l = Dl = aDi.D2 = a>0, 

which is a contradiction. Now (2) follows from (1). Q.E.D. 
From now on, we assume that A ^ 0. 

Lemma 5 If D = Di + D2, we may assume that D^ < 0. 

Proof. Suppose the contrary that Df > 1 for both i — 1,2. We have 

/i°(x,A) = A' + 2, 

which follows from an exact sequence 

O^Ox^ Ox{D,) 0^r{Dl) 0. 

Then one can find a member Di G \Di \ such that #(-Di H D2) > D\ + 1 > 2. 
Then D2 is a component of Di since D1.D2 = 1. Similarly, there exists a 
member D2 G ID2I such that D^ is a component of D2. This implies that 
Di ~ D2 and Dj — 1. Since A 7^ 0, there is an irreducible component Aj(s) 
of A such that -D.Aj(s) = 1. This is absurd for D ^ D1 + D2 2Di. So it is 
wrong to assume that Df >1 for both i — 1,2. Hence we may assume that 
Dl < 0. Q.E.D. 

Lemma 6 Suppose that both Di and D2 are G-stable and K\ < 7. Then A 
has two connected components Ai, where Ai is irreducible and A2 has length 
2. f~^D + /~^(Sing X) — D + Ared + A is given in Figure 1 in Section 2. 
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Proof. We use the notation A — XlLi ^"^^ ^ ^iU) Lemma 
2. We may assume that Aj meets Di (resp. D2) for 1 < i < ti (resp. for 
ti + 1 <i <t = ti+t2). By Lemma 3, 1 > Di.A = J^f^i Si/i-Si + 1) > ti/2. 
Hence ti = 0, 1. Similarly, t2 = 0, 1. Thus t = ti + ^2 = 1,2. So we may 
assume that meets the connected component Aj of A of length Sj. We 
put Sj = if ti — 0. 

Since Di — aD2 on X with a > 0, we have 

L>i + Ai = q;(L>2 + A2). (1) 
Taking the intersection of (1) with Di, we have 

Z,f^-^^a. (2) 

Taking the intersection of (1) with D2, we obtain 

+ (3) 

Since D| is an integer, the equation (3) implies that > 0. Then Z}| = 
by Lemma 5 and hence a — (s2 + l)/s2- Plugging the value of a in the 
equation (2), we have 

2 Si S2 + I Si 11 

JJ^ — a = = h 



Si + 1 S2 Si + 1 S2 Si + 1 

Since Df is an integer, we have the following possibilities: 

(si,S2;a;L>?) = (0,l;2;2), (1,2;3/2;1). 

We shall show the assertion that the first case (resp. the second case) implies 
that X = S2 and Kx — 8 (resp. implies the result of the lemma). Indeed, 
in the first (resp. second) case, if r2 is a singular fibre of the P^-fibration 
induced by ID2I containing no components of A (resp. containing A2(l) but 
no Ai), then it is of type in Lemma 2 and the cross-section Di must meet 
a (— l)-curve Ei of r2, contradicting Lemma 3 (4). In the second case, if r2 
is the fibre of (p containing both A2(l) and Ai then it is of type IIq. So the 
assertion is true and the lemma proved. Q.E.D. 

Now consider the case where D = Di + D2 and g{Di) = D2 for some 
g in G. Then Df — D|. By the proof of Lemma 6, A has two connected 
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components Aj and wc may assume that Di meets Aj so that g{^i) = A2 
and hence Ai and A2 are (— 2)-hnear chains of the same length s > 1. Since 
D is not contractible to a point, it follows that = D| > — 1- By Lemma 
5, we have Df = —1 or 0. Write (Aj)i.ed = SjLi ^i(i) ^ Lemma 2. 

Lemma 7 Suppose that g{Di) = D2 for some g in G. Then Di = — 1. 
Furtherm,ore. there is a -fibration ^ : X ^ B (B = F^) such that Di + D2 
is a fibre. According to the possible types of the singular fibres of we 
have five different cases; see Figures 2 ~ 6 m Section 2, each of which also 
contains the graph f^^D + /~^(Sing X) — D + A^ed + ^• 

G — (g) = Z/ (2) is realizable; indeed either X or its blow-down of the G- 
stable curve E (for Figures 2 and 3 ) is obtained from the Hirzebruch surface 
E2 (or one point Qi blow-up 0/S2 for Figures 2,5,6) by taking a double cover 
ramifying along a smooth (or singular at Qi) irreducible member of \ — K^^l 
with G equal to the Galois group Gal(X/E2). 

Proof. Suppose Dj ^ —1. Then Df — D2 = as shown above. Con- 
sider the P^-fibraton ^idjI for which Di and the component A2(s) are cross- 
sections. Since Ai 7^ 0, the map $|D2| has a singular fibre Fi comprising 
(Ai)i.ed and (A2)rcd — A2(s). Note that there are no other singular fibres be- 
cause no (— l)-curves lying outside of D meet the cross-section Di by Lemma 
3. The singular fibre Fi consists of (— 2)-curves and (— l)-curves. Since Ai 
and A2 have the same length s, only possibility for Fi is that s = 1 and the 
dual graph of F = Ei -\- Ai{l) + E2 is of type Ji in Lemma 2 such that Ei 
meets the cross-section A2(l). Then Ei.A — 1, which is a contradiction to 
Lemma 3. 

Now assume that Df = D\ = —1. Then \Di + D2I defines a P^-fibration 
$ : X — s> 5, where B = F^. The Aj(s) are the cross-sections of $. Suppose 
that Ai has length s > 2. Let Fi be the singular fibre of $ containing 

(Ai)red - Ai(s) = Ai(s - 1) + Ai(s - 2) H h Ai(l). If Fi contains no 

components of A2, then Fi — Ei + Ai{s — l)-\ h Ai(l) -^£'2 is of type Is-i 

in Lemma 2 so that Ei meets the cross-section A2(s) for i = 1 or 2. Then 
we have by Lemma 2, 

1 s 
A.Ei > h = 1, 

which is impossible by Lemma 3. So, the fibre Fi contains also (A2)rcd — 
A2(s). This implies that s = 2 and Fi = Ai(l) + 2E + A2(l) is of type IIq 
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in Lemma 2, where E is a (— l)-curve. In particular, the length of the (—2) 
Uncar chain A; is less than or equal to 2. The possible cases of all singular 
fibres of $ are exhausted by the following four (see Fact 12 in the proof of 
Lemma 11); this proves the lemma (the realization part is easy to check). 

1. s = 2; ir| = 3; Lq := Di + D2,Ti := Ai(l) + 2E + A2(l) and 
r2 :— El + A + E2 are of types /q, //q, h in Lemma 2. See Figure 2. 

2. s = 2; = 3; Fq := Di + L>2,Fi := Ai(l) + 2E + A2(l) and 
Fj+i := Ei + Fi (i — 1, 2) are of types Iq, IIq, Iq, Iq. See Figure 3. 

3. s=l; Kl = 4; Fq := Di + D2 and F^ := E^ + Fi {i ^ 1, 2, 3) are all of 
types Iq. See Figure 4. 

4. s = 1; K| = 4; Fo := Di + £'2 and Ti = E1 + A1 + A2 + E2 are of types 
Io:h- See Figure 5. 

5. s = l; Kj. = 4; Fq := + D2, Fi = + Fi and F2 = ^2 + ^ + 
are of types Jq, /q, /i- See Figure 6. 

Q.E.D. 

Now we switch to the case D is irreducible. Note that A 7^ is assumed. 
Lemma 8 Suppose D is irreducible. Then the following assertions hold. 

(1) h^(-Kx -D)> Kx.{Kx + £>) > 0. Hence \ -{Kx + D)\^^. 

(2) |-(i^x + i^ + Ared)|7^0. 

(3) Let E D) be a {-l)-curve. Then E.A.^a = 1,2. If E.A.^a = 2, 
then D.Aicd = 2 (i.e., t = 2 in notation of Lemma 2) andE + D + Ared 
is a simple loop and linearly equivalent to —Kx. 

(4) We have > —1. The number t of connected components of A is at 
most 3. Ift = 3, then, in notation of Lemma 2, (si + 1, S2 + 1, -Sa + 1) = 
(2, 2, n) (n > 2) or (2, 3, n) (n = 3, 4, 5) (those triplets are called the 
Platonic numbers). 
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Proof. By the Riemann-Roch theorem, we have 



h%-Kx -D)- h\-Kx -D) + h' 
_ {-Kx-D).{-2Kx-D) , 



i2Kx + D) 



2 




= K'x + Kx.D>0; 



here we used that Kx-D + D'^ = —2 and + Kx-D > in Lemma 3. Note 
that h^{2Kx + D) < h^{2{Kx + + A)) = because -{Kx + + A) is nef 
and big. Now the assertion (1) follows. 

Let (Ai)red = + ^s-i + ■ ■ ■ + be a connected component of Ared 
such that D.As = 1. Since —{Kx + D).As = —D.Ag < 0, we have | — 
{Kx + D + As)\ ^ 0. Suppose \ - {Kx + D + A^ + ■ ■ ■ + Ai)\ ^0. Since 

-{Kx + D + As-\ h Ai).Ai_i = -Ai.Ai^i < 0, it follows that | - {Kx + 

D + As + --- + ^0. \ - {Kx + D + (Ai)rcd )| ^ 0- Likewise, 

I -(irx + /^ + Ared)| 7^0. 

Let ii^ be a (— l)-curve not in D. Then i^^.A^d > by Lemma 3. Let 
p : X ^ F be the blow-down of E. If ^.A^od > 2 then \Ky + p*{D + 
Ared )| 7^ by the Riemann-Roch theorem or Lemma 2.1.3 in ^21, page 7. 
Since | — {Ky + p^{D + A^d ))| 7^ by the assertion (2), it follows that 
Ky + p*(-D + Ared ) ~ 0. So t = 2 and E meets the end component of each 
Aj which is located on the opposite side of D. Namely, D + Ared + is a 
simple loop. 

Since D.A < 2 by Lemma 3, in notation of Lemma 2, we have 



It then follows that t < 3. Moreover, if t = 3 then {si + 1, S2 + 1, S3 + 1} 
is one of the Platonic triplets upto permutations. So always > —1, for 
otherwise D -|- A is contractible, contradicting the nef and bigness of D + A 



Consider the case A has three connected components Aj (see Lemma 2). 
Let Ci be the component of Aj meeting i.e., Ci = Aj(sj) in notation of 
Lemma 2. 




(see Satz 2.11 in P]). 



Q.E.D. 
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Lemma 9 Suppose that D is irreducible and A has three connected com- 
ponents. Then = —1. Also Aj-ed consists of three disjoint irreducible 
curves d = (Ai)red {i = 1,2,3) and -Kx = 2D + Ci + C2 + C3. Fur- 
thermore, Kx = 2 and there is a birational morphism q : X ¥^ such 
that q*{D + Ci + C2 + C3) is a union of a line and a conic touching each 
other in one point. \2D + Ci + C2I defines a F^-fibration ^ : X ^ B, and 
according to the different types of the singular fibres of $, there are seven 
possible cases; see Figures 7 ~ 13, each of which also contains the graph 
f-W + f-\SmgX) = D + +A. 

Proof. By Lemma 8, > —1. Consider the case = —1. Let p : X — >■ 
Y be the blow-down of D and let Ci = p{Ci). Then the Ci share one point 
in common. So \Ky + Ci + C2 + C3I 7^ by the Riemann-Roch theorem 
or Lemma 2.1.3 in |12j, page 7. Since | — {Ky + Aj-od )| 7^ by Lemma 8, 
we have — (Afcd — Ci — C2 — C2) > 0, where A = p*(A). Hence it follows 
that Arcd =^1 + ^2 + ^3 and i^Ty + Ci + C2 + C3 = 0. Thence follows the 
assertion on the expression of —Kx- In order to obtain the morphism g, we 
let gi : X — > Xi be the blow-down oi D + C^ and continue blowing down 
further to reach a relatively minimal model with = 0, 1, 2 (see Lemma 
2). Then one can bypass the blow-down steps to reach P^. By making use of 
the property that —Kz for a surface Z appearing in the blow-down step is 
the sum of the images of Ci and C2, any (— l)-curve on Z meets transversally 
exactly one of the images of Ci and C2 in one point. If we set Bi := q{Ci) 
and B2 ■= q{C2), then Bi + i?2 is a cubic curve and Bi fl B2 consists of 
a single point. Hence we may assume that Bi is a line and B2 is a conic. 
Let Fo := 2D + (Ai)i.od + (A2)red and let $ be the P-'^-fibration with Fq as a 
fibre. Since —Kx = 2D + ^j(Aj)red supports a fibre and a 2-section (A3)red , 
every (— 2)-curve, i.e., every component of /"^(SingX) other than (A3)i.ed 
is contained in a fibre. So f^^{D) + /^^(Sing X) = D + Aj-^d + A is given 
in one of Figures 7 ~ 13 in Section 2. See Lemma 2 for possible types of 
singular fibres; see also Fact 12 in the proof of Lemma 11. To be precise, the 
following cases are not included but reduced to other cases, and Figures 7-7' 
appear on the same X with two different fibrations. 

Case 9.1. Fq, Ti = Ei -\- Ai -\- A2 + A3 -\- E2 which is of type h in Lemma 
2, are the only singular fibres of $. Also the 2-section (A3)i.ed meets each 
Ei. By going to a Hirzebruch surface [d < 2), we see that there is a 
(— l)-curve E on X such that E.A2 = E.{Ai)j.cd = 1 for i = 1 or 2 say for 
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i — 1. Then Fq := 2D + (A2)rcd + (A3)red is the singular fibre of a new 
P^-fibration and T[ := 2{E + A2) +^1+^43 is also a singular fibre of 
So $' fits Figure 8 after relabeling Aj. 

Case 9.2. Fq, and F^ = + + Fj (i = 1, 2) each of which is of type Ji in 
Lemma 2, are the only singular fibres of $. Also the 2-section (A3)rcd meets 
each of Ei, Fj. We can find a (— l)-curve E on X such that E.Ai = E.A2 = 
E.Ai = 1 for i = 1 or 2 say for i = 1. Then T'q := 2D + (A2)red + (A3)red is 
the singular fibre of a new P^-fibration and F'^^ := 2£^ + Ai + A2 is also a 
singular fibre of So fits Figure 10 after relabehng Aj. 

Consider the case D^ = 0. Then \D\ defines a P^-fibration ^ : X ^ B for 
which the curves Ci, C2, C3 are cross-sections. Suppose {si + l, S2+I, S3-I-I} = 

{2, 2, n} with n > 3. Write A3 = Cg+A^H h^i with m = n-2 > 1. Then 

there exists a singular fibre Fi of $ such that Ti = Ei + Am + ■ ■ ■ + A1 + E2 is 
an ordered linear chain and of type in Lemma 2 so that E^ meets the cross- 
section C2 for i = 1 or 2. Then Ei + D + Ared contains a loop and (Ai)red , 
contradicting Lemma 8. In the case {si + 1, S2 + I, S3 -1-1} = {2, 2, 2}, we note 
that $ is not a relatively minimal P^-fibration. Hence $ has a singular fibre 
Fi of type Ik and Fi contains a (— l)-curve Ei meeting two of Ci, C2, C3, say 
meeting Ci, C2. Then E + D + Ared contains a loop and C3, contradicting 
Lemma 8. The case {si -|- 1, S2 + 1, + 1} = {2, 3, n} with n = 3, 4, 5 also 
leads to a contradiction. 

Consider the case D"^ — 1. Let p : X ^ P^ be the birational morphism 
defined by \D\. Since D'^ — 1 and hence D is hnearly equivalent to the 
pull-back of a line, the morphism p is a composite of the blow-downs of 
( — l)-curves which are disjoint from D and its images. This implies that 
Bi := p{Ci) {i = 1, 2, 3) is a curve. Since 

-Xp2 = -p,{Kx) > p*{D + C1 + C2 + C3), 

it follows that deg(— i^^p2) > 4, which is a contradiction. 

Consider the case D^ > 2. Then we have by Lemma 3 

K\>1- D.Kx = 3 + > 5. 

Hence we have 

5 > 10 - i^i = p{X) > p(X) + #A > 1 + #A, 
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where t^A signifies the number of the irreducible components of A. So, 
■Si + S2 + S3 = #A < 4. Thus the possible cases of {si + 1, S2 + 1, S3 + 1} are 
{2,2,2} _and {2, 2, 3}_up to permutations. If {si + 1, S2 + I, S3 + I} = {2,2,3}, 
then p{X) = 1, SingX = 2Ai + A2 and K]^ = 5. But this case cannot occur 
by the classifications of the distributions of singular points (cf. Lemma 3 in 
part I of [ini). If {si + 1, S2 + 1, S3 + 1} ^ {2, 2, 2}, then either p{X) = 4 
or p{X) = 5. In the first case, we have p{X) = 1 and Sing X = 3Ai, which 
is also impossible [15j. In the second case, we have either p{X) = 1 and 
Sing X = AAl, or p{X) = 2 and SingX = 3Ai. The case p{X) = 1 is ruled 
out by US] and the case p(X) = 2 by Q.E.D. 

Next we consider the case where A is connected. Write Aj-ed = A(s) + 
■ ■ ■ + A(l) as an ordered linear chain so that D.A{s) = 1. 

Lemma 10 Suppose that D is irreducible, A is connected of length s and 
K\ < 7. Then the following assertions hold, where each of Figures 14 ~ 23 
contains the graph f^^D + /^-"^(Sing X) = D + Aj-ed + A. 

(1) For any {—l)-curve E on X , it holds that i^.A^d = 1 one? E r\ D = ^. 

(2) ^2 = 0,1,2. 

(3) If D'^ = 0, then s = 2 (resp. A) and K\ = Q (resp. K\ = h). There 
are three possible cases (see Figures 14 ~ 16 In Figure 16, there is 
an element g in G such that g{Ei) = £'2- 

(4) If = 2, then s = 2^K\ = 6 and there are two possible cases (see 
Figures 17 and 18). In Figure 17 (resp. 18), E (resp. Ei,E2) are the 
only {—l)-curve(s) on X. In Figure 18, we have g{Ei) = E2 for some 
g in G. 

(5) If D"^ = 1, then either s = 4 and K\ = 5 (see Figure 19), or s = 1 and 
K\ = 6 (see Figures 20 — 21/ In Figures 19 — 20, the E is the only 
{—l)-curve on X . 

Proof. (1) It follows from Lemmas 3 and 8 (see also (2)). 
(2) By Lemma 3, we have 

7>Kl>2- A.D - Kx-D = 4 + - A.D = 3 + D'^ + ^— . 
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Since D + A is nef and big, we have > 0, for otherwise D + Ared is 
contractible to a point, a contradiction. Hence 7 > K]^ > 4 + > 4. So, 
= 0,1,2,3. 

Suppose = 3. Then Kx = 7 and 

3 = p(X) > p(X) + s > 1 + s > 2, 

whence s = 1,2. If s = 2, then p{X) = 1 and Sing X = A2, and this case 
does not occur (cf. tl5|). So, s = 1. If p(X) = 1, then Sing X = Ai + Ai, 
and this case does not occur either (cf. ibid.). Thus p{X) = 2,Kx = 7 and 
SingX = Ai. 

Take a (— l)-curve Ei on X. Then i?i.Arcd = 1 by the assertion (1). The 
blow-down of Ei brings X to the Hirzebruch surface Si, as the image of Ared 
becomes a (— l)-curve. Let P be the image of Ei on Si. Then the proper 
transform E2 of a fibre of the ruling on Si passing through P is a (— l)-curve 
meeting D. This contradicts the assertion (1). Hence = 0, 1,2. 

(3) Let = 0. Let $ : X ^ 5 be the P^-fibration with L> as a fibre. Since 
D is G-stable, G permutes fibres of 

Suppose = and s = 1. Then there is a singular fibre T = Ei + Ai + 
■ ■ ■ + An + E2 of type /„, where we may assume that the (— l)-curve Ei meets 
the cross-section A^ed • Then £"2 fl A = 0, contradicting Lemma 3. 

Suppose = and s > 2. Let Fi be the singular fibre containing 
A(s — 1) + ■ ■ • + A(l). Then Fi is G-stable. If $ contains a second singular 
fibre F2, then we can reach the same contradiction as above. Hence Fi is the 

only singular fibre of $. If s > 3 and Ti= Ei + A(l) H h A(s - 1) + E2 

is an ordered linear chain and a singular fiber of type Is-i, then the image 
on X of El is G-stable and contractible, contradicting p{X//G) = 1. By 
the arguments above, all possible types of Fi are given in Figures 14 ~ 16. 
In Figure 16, since Fi is G-stable, each element in G either stabilizes Ei or 
interchanges Ei, E2. If E^ is G-stable then the image on X of Ei is G-stable 
and contractible, contradicting p{X//G) = 1. 

(4) Suppose = 2. Since 7 > K]^ > 4 + D"^ = 6, we have K]^ = 6 or 7. 
Accordingly, p(X) = 4 or 3. Since 2 < 1 + s < p(X) + s < p(X), we have 
5 = 3,2,1. _ _ 

Suppose s = 3. Then p(X) = 4, p(X) = 1 and Sing X = A3. This case 
does not occur by [T3] . 

Suppose s = 2. If p(X) = 3 then p(X) = 1 and SingX = A2, and this case 
does not occur either [THj. If p(X) = 4, either p(X) = 1, Sing X = Ai + A2 
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and there is only one (— l)-curve on X, or p{X) = 2, SingX = A2 and there 
are only two (— l)-curves on X; see Figures 5 and 6 in pUj . 

Take a (— l)-curve Ei on X. Note that ii^i-Ared = 1 by the assertion (1). 
Let X ^F"^ he the blow-down of + A(l) + A(2) and D the image of D. 
If ^1^(1) = 1, then 52 = 3, which is impossible on P^. Hence Si.A(2) = 1 
and = 4. Let P be the point on D which is the fundamental point of the 
blow-down X P^. Let £ he a line which is tangent to D at P. Reverse 
the above blow-down. Let L he the proper transform of £. There are two 
possibilities according as i?i fl L 7^ or ii^i fl L = 0. In the former case, L is 
a (— 2)-curve (see Figure 17 where A := L and p{X) = 1) and, in the latter 
case, L is a (— l)-curve (see Figure 18 where E2 := L and p{X) = 2). Note 
that E (resp. Ei and E2) is/are the only (— l)-curve(s) on X (see Figures 5 
and 6 in |2n|)- In Figure 18, we have g{Ei) = E2 for some g in G (see the 
argument for Figure 16). 

Suppose s = 1. Take a (— l)-curve Ei. Then i?i.A(l) = 1. Let p : X ^ Y 
he the blow-down of Ei and A(l). Since Kx > 6, we have Ky > 8 and 

= 3. Since there are no curves D on P^ with = 3, Ky = 8. Hence 
y = Srf with = 0, 1, 2 (see Lemma 2). But any curve on with d = 0,2 
has self-intersection number divisible by 2. So, Y = J^i. Let M and i be 
respectively the minimal section and a fibre on Si. Then D ~ M + 2£. Let 
P he the fundamental point of p. U P = D H M, then A(l) + p'{M) is a 
(— 2)-chain, for otherwise there appears a (— 3)-curve on X; since s = 1, this 
is a contradiction. If P ^ D (1 M, then p'{M) is a (— l)-curve meeting D, 
contradicting Lemma 3. 

(5) Now assume that D"^ = 1. Note that 7 > Kj^ > 4 + D'^ = 5. On the 
other hand, since 

2<s + l<s + p{X) < p{X) = 10- <6- = 5, 

we have 1 < s < 4. We consider all possible cases according to the value of 
s. We note that -E'.Ai.ed = 1 for any (— l)-curve on X by the assertion (1). 

Case s = 4. Then K]^ = 5, p(X) = 1 and SingX = A4. Take a (-l)-curve 
E on X. If E.A{i) = 1 for i = 1 or 4, then one can blow down E + Ared 
and the resulting surface Y has Ky = 10. This is a contradiction. Suppose 
£^.A(2) = 1. Then D is a component of a fibre of the P^-fibration defined 
by \2{E + A(2)) + A(l) + A(3)|. Since = 1, this is a contradiction. 
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Consequently, -E'.A(3) = 1. We thus obtain Figure 19, where E is the only 
(— l)-curve on X (see Figure 5 in pUj). 

Case s = 3. We claim that this case does not take place. Note that p{X) = 4 
or 5. If p{X) = 4 then p{X) = 1 and Sing X = A3, which is not the case 
by [in]. So p{X) = 5. If p(X)_= 1 then Sing X = + A3, which is not 
the case either by |15j. So p{X) = 2, Sing X = A3 and Kx = 5. Then 
there are only two (— l)-curves Ei, E2 on X with i^j.Ared = 1 = 1? 2) and 
Ei.A(2) = E2-(A(1) + A_(3)) = 1 (see Figure 6 in So both Ei are G- 

stable, and the image on X of E2 is G-stable and contractible, contradicting 
p(X//G) = 1. 

Case s = 2. We shall show that this case does not take place. Let E 
be a (— l)-curve. Then E.Aj-ed = 1- Let p : X ^ Y he the blow-down 
of E + A(l) + A(2). Since K]^ > 5, we have > 8. If E.A{2) = 1, 
then p^:{D)^ = 3. As in the proof of the assertion (4) for the case = 2 
and s = 1, Y must be the Hirzebruch surface Si. Let M be the minimal 
section of Si. Since s = 2, the fundamental point of p is different from the 
point M np*(D). Then Ei := p'{M) is a (— l)-curve such that Ei.D = 1, 
contradicting Lemma 3. Hence E.A{1) = 1. Then p^^lD)"^ = 2 and Ky > 8. 
Hence Y is the Hirzebruch surface S^. Since p^{Dy = 2, one can readily 
show that d = 0,2 (see Lemma 2). 

Suppose first that F = S2. Let M be the minimal section. Then M fl 
p*{D) = 0. Reversing the above blow-down and noting that the length of 
Arcd is 2, we can show that Ei := p'{i) is a (— l)-curve meeting A(2), where 
i is the fibre passing through the fundamental point of p. So, we are lead to 
a contradiction by the above case. 

Suppose F = Sq. Let i be one of the fibres (of the two different P^- 
fibrations) passing through the fundamental point of p. Then it follows that 
El := p'{i) is a (— l)-curve meeting A(2). Again, we are lead to a contradic- 
tion. Consequently, the case s = 2 does not occur. 

Case s = 1. Let E be a (-l)-curve. Then E.A{1) = 1. Let p : X ^ Y he 
the blow-down of E + A(l). Since K]^ > 5, we have Ky > 7. 

Suppose = 5. Then Y has a P^-fibration vr, which is not relatively 
minimal but contains a singular fibre consisting of two (— l)-curves Ei + E2. 
Since p*{DY = 2, p*{D) is not contained in a fibre of it. This implies that 
p*{D) n Ei ^ ^ for i = 1 OT i = 2, say for i = 1. Then the fundamental point 
P of the morphism p is not contained in p*{D) fl Ei, for otherwise s > 2 or 
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p'{EiY < —3, a contradiction. Hence p'{Ei) remains as a (— l)-curve on X 
which meets D. This contradicts Lemma 3. We have therefore K]^ = 6 and 
F = Erf with d = 0,2 because p^{DY = 2 (see Lemma 2). 

Suppose Y = Ti2- Let M be the minimal section and let i be the fibre 
passing through the fundamental point P of p. Consider the inverse of the 
morphism p. After blowing up the point P, there are two possibilities of 
taking the centre Q of the next blow-up. Namely, Q lies (resp. does not lie) 
on the proper transform of i. The first case gives rise to Figure 20, where 
p(X) = 1, Sing X = Ai + A2 and E is the only (— l)-curve on X (see PU] , 
Figure 5). In the second case, E + A{1) + i' + M' has the dual graph 

(-l)-(-2)-(-l)-(-2) 

where M' are the proper transforms of £, M. If p{X) = 1, then Sing X = 
Ai + A2 by lini, but X has two (— l)-curves, contradicting Figure 5 in fK^ . 
If p{X) = 2, then SingX = 2Ai, and E,i' are the only (— l)-curves on X by 
Figure 6 in pOj. So both (— l)-curves are G-stable, hence the image on X of 
E is G-stable and contractible, contradicting p{X//G) = 1. 

Suppose Y = Sq. We also consider the inverse of the morphism p. Let 
ii be the fibres of the two different P^-fibrations which pass through the 
fundamental point P. After blowing up the point P, there are two choices 
of taking the center Q of the next blow-up. Namely, if Q is on the proper 
transform of £i with i = 1 say, then £'2 + A(l) + E + i[ has the dual graph 
in the above paragraph and we will reach the same contradiction; if Q does 
not lie on the proper transforms of ii, then we obtain Figure 21 {E := £"1). 
We have p{X) = 3 and Sing X = Ai (see Figure 5 and 6 in piJj). We have 
thus verified all the assertions of Lemma 10. Q.E.D. 

We finally consider the case where A has two connected components Ai 
and A2. As in Lemma 2, write 

(AO,ed = Ai(.) + •••-!- Ai(l) 
(A^Ld = A2(t) + --- + A2(l), 

where D.Ai{s) = D.A2{t) = 1. 

Lemma 11 Suppose that D is irreducible, that Aj-ed has two connected com- 
ponents (Aj)i.ed (i = l;2j of lengths s,t and that K\ < 7. Then the fol- 
lowing assertions hold, where each of Figures 22 ~ 43 contains the graph of 
/-i:D + /-i(SingX) =D + Ared +A. 
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(0) If s ^ t then both Aj are G-stable. 

(1) A'l > 3 + D^, and K\>A + D'^ provided s^t = l. 

(2) 2 < s + t < 6 - D^, and s + t < 5 - provided s ^ t ^ 1. 

(3) -1<D^< A, andO<D^ <3 provided s^t^l. 

(4) For any {—l)-curve E D) on X, we have either E^.Ared = 1; or 
E.A,^ = 2, E.Ai{l) = 1 (i = 1, 2) and -Kx ^ E + D + A,^ . One 
can say simply that D + Aj-^d + E is a simple loop in the latter case. 

(5) In case — —1, there are ten possibilities for D + A (see Figures 
22 ~ 31). In Figure 25 (resp. 27), there is an element g in G such that 
g{Ei) = E2 (resp. g{Ai) — A2). In Figures 28 and 31, no Ei or Fj is 
G-stable. 

(6) In case = 0, there are nine possibilities (see Figures 32 ~ 40). In 
Figures 34, 36 and 40, no Ei or Fj is G-stable. In Figures 33, 35 and 
39, there is an element g in G such that 5'(Ai) = A2. 

(7) The case = 4 is impossible. In case — 3, there is one possibility; 
see Figure 41 where E is the only {—1)- curve on X . 

(8) The case — 2 is impossible. 

(9) In case — 1, there are two possibilities (see Figures 42 and 43). In 
Figure 42, the Ei and E2 are the only {—l)-curves on X. In Figure 
43), E,Ei,E2 are the only {—l)-curves on X and there is an element 
g in G such that g{Ei) — E2. 

Proof. The last part of assertion (5) or (6) follows from the arguments for 
Figure 16 in Lemma 10 and Figure 31 below. Indeed, in Figures 27, 33 and 

39, the argument of Figure 16 shows that g{E2) = F2 for some g in G; in 
Figure 35, the argument of Figure 31 shows that g{Ei) = Fi for some g in 



G. 



(0) is clear for D + A is G-stable. 

(1) Since 



K\>2- A.D - D.Kx = 4 + D^- A.D = 2 + + 



1 



1 



s + 1 



+ 



t + 1 



19 



by Lemma 3, it follows that X| > and that X| > A+D'^ if s = f = 1. 

(2) Since 

l + s + t<s + t + p(X) < p{X) = 10 - < 8 - ^ 



we conclude that 2<s + i<6 - and that s + i<5-£)^ifs = i = l. 

(3) By Lemma 8, > _i. gince K| < 7, we have < 4. if ^ ^ ^ ^ ^ 
and = —1, then L> + Aj-ed is negative semi-definite. Hence > if 
s — t — 1. Furthermore, D'^ \l s — t — 1 (cf. the assertion (1)). 

(4) It follows from Lemmas 3 and 8. 

(5) Let = —1. Then s + t > 3 by the assertion (3). We may assume that 
s<t. Set To := Ai(s) + 2D + A2{t). Then $ := $|ro| : X ^ B {B ^ F^) is 
a P^-fibration with a singular fibre Fq and cross-sections Ai(s — 1) (if s > 2) 
and A2(t - 1) (if t > 2). Since Fq is G-stable, G permutes fibres of We 
will often use the following: 

Fact 12. Suppose s > 2. There is then a composite of blow downs X ^ S2 
of all [—l)-curves in fibres not meeting the cross-section Ai(s — 1) so that 
Ai(s — 1) becomes the minimal section M and A2{t — 1) becomes a section 
disjoint from M and with self-intersection 2. 

Suppose s = 1 and t = 2. If Fi (7^ Fq) is a singular fibre, then it is of type 
/„ with two (— l)-curves Ei, E2 as in Lemma 2, and we may assume that the 
cross-section A2(l) meets E2; then n A = 0, contradicting Lemma 3. So 
$ has only one singular fibre Fq. Hence Kx = 6. See Figure 22. 

Suppose s = 1 and t > 3. Let Fi be the singular fibre of $ containing 
A2(t — 2) + ■ ■ ■ + A2(l). By the argument above, Fi is the only singular 
fibre besides Fq. If Fi is of type /„ {n = t — 2) then no (— l)-curve in Fi is 
G-stable and hence t — 3; see the argument for Figure 16. Now according to 
the different types of Fi in Lemma 2, we have three cases: Figure 23 with 
t ^ 3 and Kj. = 4, Figure 24 with t = 5 and Kj^ = 3 and Figure 25 with 
i = 3 and A'l = 4. 

Suppose s = t = 2. According to the number of singular fibres and using 
Fact 12 and assertion (4), we have three cases : Figures 26,27,28 all with 
Xi = 3. 
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Suppose ,s" = 2 and t > 3. Let Ti be the fibre of $ containing A2(l) + 
• ■ • + A2{t - 2). Then Ti = + A2(l) + ■ ■ ■ + A2{t - 2) + E2 is an ordered 
linear chain and a singular fiber of type It-2 in Lemma 2, and we may assume 
that El intersects the cross-section Ai(l). Note that Fi, Ei are all G-stable 
(see the assertion (0)); so if t = 3 then the image on X of E2 is G-stable and 
contractible, contradicting piXjjG) — 1. Thus i > 4 and t = 4, 5. If $ has 
exactly one type /q singular fibre r2 = -Fi + -F2, then r2 is G-stable; we may 
assume F\ (resp. F2) intersects the cross-section Ai(l) (resp. A2(t— 1)) and 
hence both F^ are G-stable, but then the image on X of F\ is G-stable and 
contractible, contradicting p{X//G) = 1. By the above arguments and by 
Fact 12 and assertion (4), we see that t — b, K]^ — 2 and Fq, Fi are the only 
singular fibres of See Figure 29. 

Suppose s = t = 3. We also consider the possible singular fibres of 
$. Then by Fact 12 and assertion (4), two cases given in Figures 30 and 
31 survive. In Figure 31, if one of E^^Fj say Ei is G-stable, then 2{Ei + 
Ai(2)) + Ai(3) + Ai(l) is a G-stable fibre of another P^-fibration * where 
all exceptional divisors oi f : X ^ X are contained in fibres; this ^ induces 
a P^-fibration on X//G, whence p{X//G) > 2, a contradiction. 

The remaining case is s = 3 and t = 4. In this case we can show by the 
argument for the case s = t = 3 that there is no possibility. 

(6) Let = 0. Then K]^ > 3 + = 3 and s + t < 6 - ^ 6. We 
again assume s < t. Let ^ : X ^ B {B ^ be the P^-fibration defined 
by \D\, for which Ai(s) and A.2{t) are cross-sections. Since D is G-stable, G 
permutes fibres of 

Suppose s = t = 1. Again, we consider all possibilities of the singular 
fibres of $ listed up in Lemma 2. By Fact 12 and the assertion (4), there are 
five possibilities : Figures 32 ~ 36. 

Suppose s = 1 and t > 2. Let Fi be the singular fibre of $ containing 
(A2)red - A2(t). Then Fi = + A2(l) + • • • + A2(t - 1) + ^2 is an ordered 
linear chain as in Lemma 2 and we may assume that Ei meets the cross- 
section (Ai)j-cd- Note that Fi, E^ are all G-stable. If t = 2, then the image 
on X of E2 is G-stable and contractible, contradicting p{X //G) = 1; so t > 3. 
lit — 3, then we reach a contradiction as in Figure 31 by considering another 
P^-fibration $1 defined by |2(£;2 + A2(2)) + A2(3) + A2(l)|. Thus t > 4 and 
hence t = 4, 5. By the argument for the case = — l,s = 2,t > 4, it is 
impossible that $ contains a unique type Iq singular fibre. By the arguments 
above and by Fact 12 and assertion (4), we see that t = 5, Kx = 3 and Fi is 
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the only singular fibre of $. See Figure 37. 

Suppose s > 2 and t > 2. Then (s,t) = (2, 2), (2, 3), (2, 4) or (3,3). If 
s + t = 6, then 

7<s + t + p(X) < p{X) = 10-Kl<7. 

So p{X) = 1 and SingX = As + At with (s,t) = (2,4), (3,3). But these cases 
are impossible by jTHI- Suppose (s,t) = (2,3). Then we have 

6<s + t + p(X) < p{X) < 7. 

Hence either p{X) = 6 or p{X) = 7. If p{X) = 6, then p{X) = 1 and 
SingX = A2+A3 which is impossible by [T3]. Suppose p{X) = 7. If p{X) = 1 
then Sing X = Ai + A2 + A3, which is impossible by ^3]. If p{X) = 2 then 
Sing X = ^2 + ^43, which is impossible by [201 ■ So the remaining case is 
(s,t) = (2,2). 

Let Fj be the singular fibre of $ containing Aj(l). If Fi is of type Ii 
in Lemma 2, then so is F2, and we can write Fj = Ei + Ai{l) + Fi such 
that Fi (resp. E2) meets the cross-section A2(2) (resp. Ai(2)); since D + A 
is G-stable, the image on X of Ei + F2 is G-stable and also contractible, 
contradicting p{X//G) = 1. The above argument. Fact 12 and the assertion 
(4) imply that there are only three possibilities. See Figures 38 ~ 40, where 
Kx = 3 in all three cases. 

(7) Consider the case = 4. Then K]^ = 7 and s + t<6-D^ = 2. Hence 
(s,t) = (1, 1), while then s + t<5 — D^ = l, which is absurd. So the case 
D"^ = 4 does not occur. 

Consider the case = 3. Then Kx > 3 + = 6, whence K]^ = 6 or 7. 
Meanwhile, s + t < 6 - = 3. So, (s, t) = (1, 1), (1, 2). 

Suppose (s,t) = (1, 1). Then K]^ > 4 + = 7. Hence K| = 7 by the 
assumption. Since we have 

3 = p{X) > p(X) + s + t > 1 + 2, 

we have p{X) = 1 and SingX = 2Ai, which is impossible by ^E^. 
Suppose (s,t) = (1,2). Then we have 

4 > 10 - fsTi = p(X) > p(X) + s + t > 1 + 3, 

whence follows that Kj^ = 6,p(X) = 1 and Sing X = Ai + A2. Note that 
there is only one (— l)-curve E on X and -E'.(Ai)i.cd = E.A2{1) = 1 by the 
assertion (4) and by Figure 5 in [20] • See Figure 41. 
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(8) We shall show that = 2 is impossible. In fact, since 2 < s + t < 
6 — -D^ = 4, we have (s,t) = (1, 1), (1,2), (1,3) or (2,2), where we assume 
s <t. Note that K\ > 2 + D"^ = b. If s + t = 4, we have p{X) = 1 and 
Sing X = As + At with (s, t) = (1, 3), (2, 2). But we cannot find these cases 
in the table in |15j . 

Suppose (s,t) = (1, 1). Then Kj^ > A + = 6, whence Kj^ = 6, 7. We 
utilize the inequality 

3 = 1 + s + t < p(X) + s + t< p{X) = 10 - K^. 

If Kx = 7, we have p{X) = 1 and Sing X = 2Ai, which is impossible by 
^.UKj^ = 6, then either p(X) = 1 and SingX = 3Ai, or p(X) = 2 and 
SingX = 2Ai. The former case is impossible by ^3]. In the latter case, take 
a (— l)-curve E. If i^.Ared = 1, say i?.(Ai)rcd = 1, the blowing-down of 
E + (Ai)red brings X to S2, while the image D of D satisfies = 3, which 
is impossible on S2. If E.Aj-^d = 2, then E.A = 1, contradicting Lemma 3. 

Suppose {s,t) = (1,2). By an argument similar to the above using the 
inequahties 

4 = 1 + s + 1 < p(X) + s + t< p{X) = 10 - < 5, 

we see that Sing X = Ai + A2 and either Kj^ = 6 and p{X) = 1, or K]^ = 5 
and p{X) = 2. In the first case, there is only one (— l)-curve on X and 
E.Ai{l) = 1 (z = 1, 2) by the assertion (4) and Figure 5 in [20]. Let p : X — *• 

Y be the blow-down of E, A2(l), A2(2). Since = K]^ + 3 = 9, we have 

Y = P^. However, p^{Dy = 3, which is impossible on P^. In the second 
case, there are only three (— l)-curves on X one of which is disjoint from A 
(see Figure 6 in [20]); this contradicts Lemma 3. 

(9) Now we treat the case D"^ = 1. Note that > 3 + = 4 and 
s + t < 6 — = 5. We shall prove the following claim. 

Claim 13. There exists a {—l)-curve, say E, on X such that i^.A^a = 2. 

Proof. Consider the morphism g : X — defined by \D\. Then D is 
the pull-back of a line by q. Since D is not touched, Ai(s) and A2(t) are 
mapped to lines ii and £2, respectively. Let P := iini2- Then P is one of the 
fundamental point of the morphism. We consider to reverse the morphism. 
Let El be the (— l)-curve appearing by the blowing-up of P. If Ei stays as 
a (— l)-curve on X, then it is a (— l)-curve we require for. Otherwise, one of 
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the intersection points Pi, P2 of Ei with the proper transforms of ii and £2 
is blown up, but both points are not; if both points are blown up, there will 
appear a (— n)-curve with n > 3, a contradiction. Then the proper transform 
of El on X is contained in Ared • Now blow up one of the points Pi, P2 and 
apply the same argument as above to the (— l)-curve E2 appearing from the 
blow-up. We have just only to continue this argument. Q.E.D. 

In case s + t = 5, we have Q < s + t + p(X) < p{X) = 10 - K]^ < 6. 
Hence p(X) = 1 and SingX = A, + At with (s,t) = (1,4), (2,3). But these 
cases are impossible by [T3] . 

Suppose s + t = 4. Then we have 

5<s + t + p(X) < p{X) = 10-Kl<6. 

If K]^ = 5, then p(X) = 1 and Sing X = + At with (s, t) = (1, 3), (2, 2). 
These cases do not exist by [T3]. If K]^ = 4, by ^^l, [20], we have (s, t) = 
(1,3), and either p(X) = 1 and Sing X = 2Ai + A3 or p(X) = 2 and 
Sing X = Ai + A^. See Figures 42 and 43, where Ei or E is as in Claim 
13. The part about the uniqueness of the (— l)-curves in the assertion (9) 
follows from Figures 5 and 6 in [20]. Since G acts on the set of (— l)-curves 
on X, in Figure 43, E is G-stable and each element of G either stabilizes or 
switches Ei and E2; so the existence of g in G with g{Ei) = E2 follows from 
p{X//G) = 1 (see the argument for Figure 16). 

Suppose [s, t) = (1, 1). Then a (— l)-curve E as in Claim 13 has E.A = 1, 
contradicting Lemma 3. 

Suppose {s,t) = (1,2). Consider the P^-fibration $ : X — > i? defined by 
iFol where Fq := Ai(l) + 2E + A2(l). Then we can make the Hirzebruch 
surface S2 out of X with the image of A2(2) as the minimal section. The 
blow-down of E, Ai(l) increases by 1. Since D.A2{2) = 1, the blow-down 
of E, Ai(l) is not enough to bring X to S2. Hence there exists a singular fibre 
Fi of type /„ which then contains a (— l)-curve Ei meeting the cross-section 
D. This is a contradiction by Lemma 3. This ends the proof of Lemma 11. 

2 Determination of the group G action on X 

In this section, we shall consider all 43 triplets (X, D; G) in Theorem A in 
the introduction, determine the action of the finite group G on X and give 
examples. 
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Fig 1. Let ip : X ^ P2 be the blow-down of ^ + A2(l) + A2(2) to a point 
P. Clearly, there is an induced faithful action of G on such that tjj is G- 
equivariant. So G is a subgroup of PGL 2(C) stabilizing each component of 
the triangle ipiAi + Di + D2). We may assume that the three vertices of the 
triangle are at [1, 0, 0], [0, 1, 0], [0, 0, 1]. Then G is a subgroup of {diag [1, 6, c] | 
6c 7^ 0} C PGL2(C). Conversely, any finite subgroup of {diag[l, b, c] \ be ^ 0} 
can act faithfully on this X fitting Figure 1, such that p{X//G) — 1 (noting 
that p{X) = 1 already). 

Fig 2 ~ 6. Let H be the (normal) subgroup of G stabilizing Di (and hence 
also D2), and let g be an element in G switching Di and D2 (sec Lemma 
7). Then G = {g,H). Note that H is abelian. This is because at the point 

01^2, all elements of H can be diagonahzed simultaneously with the same 
eigenvectors along the directions of Di and D2. 

In Figure 2, one can show that H is cyclic. Indeed, H fixes the three 
intersection points of the cross-section Ai(2) with the three singular fibres of 
different types, and hence if|Ai(2) = {id }. So every h in H is diagonahzed 
as (l,c/i) at Di n Ai(2) with the common eigenvectors along the directions 
of Ai(2) and Di. Thus H can be embedded in C* via Ch and is cyclic. 

Since p{X//{g)) = 1 can be easily checked, we have always p{X//G) — 1 
so long G exists. Note that G — {g) ^ Z/ (2) is reahzable in all these 5 cases 
(Lemma 7). 

Fig 7. Since p{X) = 1 and Sing X = 3Ai + D4, there are exactly three 
(— l)-curvcs E, E2, on X fitting Figure 7', where there is a P-'^-fibration ^ 
on X such that FJ, := 2E + + , T; := 2^2 + ^3 + (A2)red , r'2 : = 

2£'3-|-744 -I- (Ai)red are all the singular fibres and A2 and D are cross-sections 
of ^. Clearly, G permutes fibres of ^. Let ^0 : X — > P^ be the blow-down 
of + Ai, i?2 + ^3, E^ + A4, £) to 4 points Pi, ... , P4, respectively. Then 
is G-equivariant; G fixes P4 and permutes Pi,P2,P3. We may assume that 
^(^2) = {Z = 0} which is G-stable, and P4 = [0,0, 1] which is G-fixed. Let 
H be the (normal) subgroup of G fixing all three points Pi,P2, P3 (and hence 
fixes the fine {Z — 0}), then H — (hi) for some hi — diag [1, 1, ci] of order 
rii. 

Let t : G — > Aut {Pi,P2,P3} = ^3 be the natural homomorphism. Then 
Im (<.) = 5*3, Z/(3), Z/(2) or (1). If an element in G acts transitively on 
the set {Pi, P2, P3}, then /t| acts trivially on the fine {Z — 0} and hence hs — 
diag[l, cu, C3], where cu — exp(27r-\/— 1/3), after the normalization that fixes 
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two points [1, 0, 0], [0, 1, 0] on the line {Z = 0}. If there is further an element 
h2 in G acting as an involution on the set {Pi, P2, P3}, one may assume that 

/O 1 0\ 

^2 (-Pi) = -Pi and Pi = [1, 1, 0]. One can show that /i2 = I 1 , by using 

\0 C2J 

the following conditions: h2{Pi) = P^ {i = 1,4), h2{P2) = P3,/i2(A) = ^2, 
P2 = h{{Pi) = [1,^^0],P3 = hl^Pi) {j = 1 or 2). 

Suppose that Im (t) = Z/ (2) and let h'^ be in G acting as an involution on 
the set {Pi,P2,P3}- Then h2 = diag [1, — 1,02] after the normalization that 
/12 fixes two points [1, 0, 0], [0, 1, 0] on the line {Z = 0}. 

Replacing /13 (resp. /i2 or h2) by its power we may assume that oidlhs) = 
3"^ (resp. ord(/;,2) or ord(/i2) is 2'^^). Thus either G = (/ii,/i2,/i3 | hihi = 
hihiii = 2, 3), /i3, /i^^/i3/i2/i3 G (hi)), or G = {hi,h^ \ hih^ = h^hi,h\ G 
{hi)), or G = {hi,h2 \ hih'2 = /ia^ii, (^^2)^ ^ (^i))' or G = (hi). We have an 
exact sequence: 

il)^{hi)^G^G/{hi)^il) 

where G/{hi)= S3, Z/(3), Z/(2) or (1). We may take G = (1) since then 
p(X//G) = p(X) = 1. 

In Figures 8 ~ 13 below, let Qi := D f] {Ai)rcd- Let gi : Xi X be 
the blow-up of a point P2 (7^ Qi) on D with Jq the exceptional curve (we 
may choose P2 to be a G-fixed point if it exists, but always P2 7^ Qi)- 
Then -Kx^ = Jo + «?i(2-D + (Ai)red + (A2)red + (A3)red), which is nef and 
big. By the Riemann-Roch theorem and the Kawamata-Viehweg vanishing 
theorem, dim | — -ft'xj = 1- Let go ^ -^0 — ^ ^1 be the blow-up of the 
unique base point of | — Kx^ \ (which must lie on Jq) (cf- Proposition 2 at 
page 40 of [Sj, or Lemma 1.7 in j3]) with O the exceptional divisor. Then 
there is an elliptic fibration 7 : Xq —>■ with O the zero section and Tq := 
2D + Jo + (Ai)red + (A2)red + (A3)rcd as a siugular fibre (we use, by the 
abuse of notations, the same symbol like Aj to denote its proper transform 
on Xq) which is of type /q*. Let Aut o(Xo) = {g e Aut (Xq) | g{0) = O}. 
Then there is an induced Auto(Xo) action on X so that g = gi ogg : Xq X 
is Aut o(Xo)-equivariant. Clearly, Aut o(-'^o) = {9 ^ Aut (X) | ^'(^2) = -^2}- 
Let T be a general fibre of the elliptic fibration on Xq. Then Aut o(-^o) 
contains Aut o{T) = {g E Aut (T) | g fixes the point O (1 T} = Z/(m) 
with m = 2,4 or 6 (see Cor. 4.7 in j3] at page 321). Hence Aut 0(7") (and 
Aut o(-^o)) contains an involution a : t —t. 

Let L : G —>■ Aut {Qi,Q2,Q3} = S3 be the natural homomorphism. Let 
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H := Ker (t), which then acts trivially on D; in particular, H C Aut o(-^o)- 
At the point Qi, every element h in H has the directions of D and Ai as 
eigenvectors with respect to the eigenvalues 1, Xh- So H can be embedded 
into k* and hence H is cyclic. Note that we have an exact sequence 

(1) ^ H ^ G ^ G/H ^ (1) 

where G/H = (1), Z/ (2), Z/ (3) or S'3. Let Gq be any finite group of Auto(Xo) 
containing the involution o" of a general fibre; note that a is in the centre of 
Auto{Xo). We shall show that in each of Figures 8 ~ 13, we can take G = Go 
so that p(X//G) = 1. 

Fig 8. In this case the elliptic fibration 7 has Tq, Ti = B + Ai + A2 + 
which is of type I^, and a few irreducible fibres as singular fibers. As in 
Figure 10 below, considering the height pairing, we can show that (t{E) = E, 
a{Ei) = E2 and p(X//Go) = 1. 

Fig 9. In this case, 7 has Tq, Ti = Ai + Bi {i = 1,2,3) each of which 
is of type I2 or ///, and a few irreducible fibres as singular fibers. As in 
Figure 10 below, considering the height pairing, we can show that cr{E) = E, 
a{Ei) = E2 and p(X//Go) = 1. 

Fig 10. In this case, 7 has Tq, Tj = Ai + Bi {i = 1, 2), each of which is of type 
I2 or ///, and a few irreducible fibres as singular fibers. On the surface Xq, 
by the height pairing in [19 , {E,E) = 2x(Cxo) + 2^-0- (1 + 1/2 + 1/2) = 0, 
whence ii^ is a torsion in MW(7); one can see easily that E is a. 2-torsion and 
hence a{E) = E; also {Ei,Ei) = 1 = {E,,F,) = x{Oxo) + Ei.O + 

Fi.O - E,.Fi - (1 + + 0) = -1, {E,,Ej) = = for i ^ j. On 

the surface X, since a stabilizes the fibre 2E + Ai + A2 of $, it permutes 
fibres of $, whence a{Ei) = Ej or Fj for some j. Note that in MW{'y), 
Ei + a{Ei) = and hence {Ei + cr^Ei), Ei + <j{Ei)) = 0. By the calculation 
above, we must have (j{Ei) = Fi. On the surface X, since PicX is generated 
over Q by the fibre components and a 2-section A3, the Pic X is generated 
over Q by the images E, E^, Fj of E, E^, Fj with 2E = Ei + F^. So it follows 
that p(X//Go) = 1. 

Fig 11. In this case, 7 has Tq, Ti = Ai + A2 + B, which is of type I3 or 
IV, and a few irreducible fibres as singular fibers. On the surface Xq, we can 
calculate the height pairing and find that {E^ + Fi, Ei + Fi) = 0; so E^ + Fi 
is torsion and it must be zero in MWIj) for the latter is torsion free by ^Hl 
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or m]. So a{Ei) = -E, = in MW{-i). As in Figure 10, p{X//Go) = 1. 



Fig 12. In this case, 7 has Tq, Ti = A + B which is of type I2 or ///, 
and a few irreducible fibres as singular fibers. As in Figure 11, cr{Ei) = F^ 
(1 < i < 3) and hence as in Figure 10, p{X//Go) = 1. 

Fig 13. In this case, 7 has Tq and a few irreducible fibres as singular fibers. 
As in Figures 10 and 11, a{Ei) = (1 < i < 4) and p(X//Go) = 1. 

Fig 14. Let : X ^ P2 be the blow-down of E + A(l) + A(2) to a point 
P. We may assume that ip{A) = {X = 0} and ip{D) = {Y = 0} so that 
P = [0,0,1]. Then ip is G-equivariant and G {g = {aij) G PGL 2(C) | 
021 = and g is lower triangular}. Conversely, any finite group in PGL 2(C) 
of such form can act on this X faithfully so that p{X//G) = 1. (Note that 
p{X) is already 1.) 

Fig 15. By blowing down E, we are reduced to Figure 14. Let P' = 
n A(2) which is infinitely near to the point P defined in Figure 14. Then 
G {g = {a-ij) G PGL 2(C) | g{P') = P', 021 = and g is lower triangular}. 
Conversely, any finite group in PGL 2(C) of such form can act on this X 
faithfully so that p{X//G) = 1. (Note that p{X) is already 1.) 

Fig 16. Let g be the element in G switching Ei and E2 (see Lemma 10), and 
let H be the (normal) subgroup of G stabilizing Ei (and hence E2). Let ip : 
X — >■ be the blow-down of E2 + A{l) + A{2), which is if-equivariant. As in 
Figure 14, H C {h = (a^j) G PGL 2(C) | 021 = and h is lower triangular}. 
Note that H is normal in G and G = {g, H). 

Here is an example where G = (g) and ord(5') = 2. Let S4 be the 
Hirzebruch surface with the (— 4)-curve M and a section B disjoint from M. 
Let y — > E4 be the blow-up of a point not on M. Note that M + B is 
2-divisible in the Picard lattice. Let X ^ Y he the double cover branched 
along M + B with (g) = Gal (X/Y). Let A(2) be the inverse on X of M, 
A(l) the proper transform on X of the fibre through the centre of the blow- 
up F S4, E1 + E2 the inverse of the exceptional curve of the same blow-up, 
and let D be the inverse of any general fibre. Then Figure 16 appears on this 
X so that p(X//{g)) = 1, where X ^ X is the blow-down of A(l) + A(2). 

Fig 17. Since E is the only (— l)-curve on X (see Figure 5 in ^j), E is 
G-stable. Let ^ : X ^ F"^ be the blow-down of E + A(2) -|- A(l) to a 
point say P := [0, 0, 1]. Then ijj is G-equivariant. We may also assume that 
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= {X = 0}. Note that ip{D) is a conic touching A at P with order 2. 
Then G C {g = (^aij) G PGL 2(C) | g{ip{D)) = ip{D), g is lower triangular}. 
Conversely, any finite group in PGL 2(C) of such form can act on this X 
faithfully so that p{X//G) = 1. (Note that p{X) is already 1.) 

Fig 18. Note that Ei,E2 are the only (— l)-curves on X (see Figure 6 in 
POij ) and hence G stabilizes E1 + E2. Let g be the element in G switching Ei 
and E2 (see Lemma 10) and let H be the (normal) subgroup of G stabilizing 
El (and hence E2). Let ^ : ^ be the blow-down of E2 + A(2) + A(l) 

to a point say P := [0,0, 1]. Then is if-equivariant. H stabilizes the line 
ip{Ei) defined by {X = 0} say, and also the conic ip{D) touching ip{Ei) at 
P with order 2. As in Figure 17, H C {h = (a^^) e PGL 2(C)|/i(V^(L>)) = 
i/^{D), h is lower triangular}. Note that H is normal in G and G = {g, H). 

Here is an example with G = (g) and ord(5') = 2. Let X ^ Y and 
A(i), Ei be as in Figure 16, but we let D be the inverse on X of B. 

Fig 19. Since E is the unique (— l)-curve on X (see Figure 5 in [201), it is G- 
stable. By blowing down E, we are reduced to Figure 20. Set P' := -Efl A(3) 
which is an infinitely near point of the point P in Figure 20. Thus G {g = 
(a,,) e PGL 2(C) I g{P') = P', only when ^ = j or (^, j) = (3, 1)}. 

Conversely, any finite group in PGL 2(C) of such form can act on this X 
faithfully so that p{X//G) = 1. (Note that p{X) is already 1.) 

Fig 20. Since E is the only (— l)-curve on X (see Figure 5 in [20]), it is 
G-stable. Let ip : X —>■ F'^ he the blow-down of -E + -|- ^2 to a point, say 
P := [0, 1,0]. Then ip is G-equivariant . G fixes P and [0,0, 1] which is the 
intersection of two G-stable lines ip{A) = {X = 0} and ip{D) = {Y = 0} say, 
whence G C {{ttij) G PGL 2(C) | Uij 7^ only when i = j or = (3, 1)}. 
Conversely, any finite group in PGL 2(C) of such form can act on this X 
faithfully so that p{X//G) = 1. (Note that p{X) is already 1.) 

Fig 21. Let tp : X F'^ he the blow-down of the Ei to the points Pj. 
We can show that Ei are the only (— l)-curves on X and hence ^p is G- 
equivariant. So G C Aut 5 = {(? G PGL 2(C) | g{S) = S,g{D) = D}, where 
S = {Pi, P2, P3} is a subset on the line ipi^A) and D (= i'iD)) is a second 
line. Since p{X//G) = 1, the G acts on S transitively. Conversely, any finite 
group in Aut s acting transitively on S can act on this X faithfully so that 
p(X//G) = 1. 

Fig 22. Let ^ : X ^ P2 be the blow-down of P> + A2(2) + A2(l) to a 
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point say P := [0.0. 1]. Then ijj is G-equivariant. G fixes P and stabilizes 
the fine VX^(l)) = {X = 0} say. Then G C {g = (aij) E PGL 2(C) | 
g is lower triangular}. Conversely, any finite group in PGL 2(C) of such form 
can act on this X faithfully so that p{X//G) = 1. (Note that p{X) is already 
1-) 

Fig 23. Let t/' : X ^ P2 be the blow-down oi E + A and D + A2(3) + A2(2) 
to points P := [0, 1, 0] and [0, 0, 1] say. Then t/j is G-equivariant. G fixes P 
and stabihzes two lines ■0(^2(1) = {X — 0} and -0(^1)) — {Y — 0} say. 
Then G C {{aij) E PGL 2(C) | a^^- ^ only when i = j or = (3, !)_}. 
Conversely, any finite group in PGL 2(C) of such form can act on this X 
faithfully so that p(X//G) = 1. (Note that p(X) is aheady 1.) 

Fig 24. By blowing down E, we are reduced to Figure 23. Set P' := E (1 
A2(2) which is an infinitely near point of the point P in Figure 23. Then G C 
{g = {a,j) E PGL2(C) | g{P') = P', a,, only when ^ = j or {t,j) = (3, 1)} 
Conversely, any finite group in PGL2(C) of such form can act on this X faith- 
fully so that p(X//G) = 1. (Note that p(X) is already 1.) 

Fig 25. Let g be an element in G switching Ei and E2 (see Lemma 11) 
and let H be the (normal) subgroup of G stabihzing Ei (and hence E2). Let 

V' : X ^ p2 be the blow-down of D + Ai and £^2 + A2(1)-FA2(2) to two points 
Pi = [0, 1, 0] and P2 = [0, 0, 1] say. Then ijj is iJ-equivariant. H fixes Pi and 
stabilizes the two fines ipi^^i^j) = {X = 0} and ip{Ei) = {Y = 0} say. 
Then H C {{aij) E PGL 2(C) | ^ only when i = j or (i, j) = (3, 1)}. 
Note that H is normal in G and G — {g, H). 

Here is an example where G = (g) and ord{g) = 2. Let M be the (— 2)- 
curve on the Hirzebruch surface 112, B a section disjoint from M and Li are 
two distinct fibres. Let p : F — > S2 be the blow-up of a point on L2 other than 
L2 n M, the point LiH M and its infinitely near point lying on the proper 
transform of M; let E, D, Ai be irreducible curves on Y which are (the 
proper transforms of) the corresponding exceptional curves. Since M + B 
is 2-divisible in the Picard lattice, there is a double cover X ^Y branched 
along Z)+p'(M + 5) with {g) = Gal(X/F). Let D, Ai, A2(l), A2(2), A2(3), 
El + E2 be the strict inverses of Li, L2, Ai and E, respectively. Then 
Figure 25 appears on this X so that p{X//{g)) — 1, where X ^ X is the 
blow-down of Ai -|- J2j ^2{j)- 

Fig 26. Let H be the (normal) subgroup of G stabihzing Ai (and hence also 
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all of Aj(j)). Blowing down the Figure becomes Figure 5. whence H is 
abelian. Thus either G = H, or G = {g, H) where g switches Ai and A2. 

Let : X ^ p2 be the blow-down of D + A2(2) + A2(l) and + Ai + A2 
to Pi = [1,0,0] and P2 = [0,1,0] say. Then ip is i7-equi variant. H fixes 
P3 = Ai(l) n Ai(2) with coordinates, say [0, 0, 1], on and also two points 
Pi {i = 1, 2) on the line ^{£2) = {Z = 0}. Thus H C {diag [1, b, c] \ be ^ 0}. 

Conversely, each finite group G = if in PGL 2(C) of the form above or 
G = (g) = Z/(2) is realizable as a group of automorphisms on this X such 
that p{X//G) = 1. (Indeed, p{X) = 1 already; see Lemma 7 for the second 
case.) 

Fig 27. Let be in G switching Ai and A2 (Lemma 11). Let H be the 
(normal) subgroup of G stabilizing Ai (and hence A2). As in Figure 2, we 
have H = (h) and G = {g, h) with /i|a,(i) =id. The case G ^ (g) ^ Z/(2) is 
realizable (see Lemma 7; indeed Figure 27 is different from Figure 2 only in 
labelling) . 

Fig 28. Let H be the (normal) subgroup of G stabilizing Ai (and hence 
also A2). Let Hi be the (normal) subgroup of G stabilizing Ei and E2 
(and hence all Ei, Fj, Ai{j)). As in Figure 2, H is abelian and Hi = (hi) 
with hi\Ai{i) =id. Note that G/H < Z/(2) and \H/Hi\ < 3; indeed, H/Hi is 
abelian and acts on the set {Ei, E2, E^}. By Lemma 11, either G/H = Z/ (2) 
orG^H and H/Hi = Z/(3). Each of the case G = G/H = Z/(2) and the 
case G = H with H/Hi = Z/(3) is realizable as a group of automorphisms 
on this X such that p{X//G) = 1 (see Figure 7 and Lemma 7, noting that 
the Figure becomes Figure 4 after the blow down of D). 

Fig 29. Let ip : X ^ ¥^ be the blow-down of of D + A2(5) + A2(4), 
El + A2(l) + A2(2) and E2 to points say [1, 0, 0], [0, 1, 0] and [1, 1, 0] on the 
same hne '0(A2(3)) = {Z = 0}. Then t/j is G-equi variant. G fixes these three 
points and also the intersection point Ai(l) fl Ai(2) with coordinates say 
[0, 0, 1] on P^. Then G = {g) where g = diag [1, 1, c]. Conversely, any finite 
cyclic group can act on this X faithfully so that p{X//G) — 1. (Note that 
p{X) is already 1.) 

Fig 30. Blowing down D which is G-stable, the Figure becomes Figure 2. 
So either G = {g,h) ot G = (h), where h\A,{2) =id and g switches Ai and 
A2. Each of G = (g) = Z/(2) and G = (h) is realizable as a group of 
automorphisms on this X such that p{X//G) = 1. (Note that p{X) — 1 
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already.) 



Fig 31. Let H be the (normal) subgroup of G stabilizing Ai (and hence also 
A2). Let Hi be the (normal) subgroup of G stabihzing Ei (and hence all 

Ei, Fj, Ai{j)). As in Figure 2, H is abelian and Hi = (hi) with /ii|Ai(2) =id. 
As in Figure 28, by Lemma 11, either G/H = Z/(2), or G = H and H/Hi = 
Z/(2). Each of the case G = G/H = Z/(2) and the case G = H^ with 
H/Hi = Z/(2) is realizable as a group of automorphisms on this X such 
that p{X //G) — 1 (see Lemma 7 and Figure 7). 

Fig 32. Let ^ : X ^ X be the blow-down of Ei + Ai and E2 + A3 
to two points Pi and P2, respectively. Then ip is G-equivariant. Thus G is a 
subgroup of Aut s(P^ x P^) := {g e Aut (P^ x P^) | g{S) = S,g{D) = D}, 
where S = {Pi,P2} is a set of two points on the same fibre of the first 
ruling and D (= ipiD)) is a second fibre of the same ruling. Let 6 : G — > 
Aut (S) = Z,/(2) be the natural homomorphism and let H = Ker (t). Then 
all elements of H can be diagonalized simultaneously at Pi with the same 
eigenvectors along the directions of V'(^i) ^.nd ■0(^2)- Thus H C {diag[6, c] | 
be 7^ 0}. Note that G/H = (0) or Z/(2). Conversely, any finite subgroup 
G^f AutsOP'^ X pi) can act on X faithfully with p(X//G) = 1. (Note that 
p{X) = 1 already.) 

Fig 33. Let g he in G switching Ai and A2 (cf. Lemma 11). As in Figure 2, 
G = {g, h), where h\Ai =id, and the case G = (g) = Z/(2) is realizable (see 
Lemma 7; indeed Figure 33 is different from Figure 5 only in labelling). 

Fig 34. Let ^ : X ^ pi X pi be the blow-down of Ei,E2,Fi,F2 to four 
points ei,e2,/i,/2, respectively. Then ip is G-equivariant. Let t : G — > 
Aut{ei,e2, fi, f2} = S4 be the natural homomorphism. Then Im (l) is con- 
tained in the Klein fourgroup V = ((6162) (/1/2), (ci/i) (62/2)) of S4. We 
assert that Im {l) C ((ei/2)(e2/i)) is impossible. Indeed, if this assertion 
is false, then G permutes fibres of the P^-fibration \I' with singular fibres 
2Ei + Ai + Ai, 2F2 + A2 + A2, where all components of /"^(Sing X) are 
contained in fibres of this leads to p{X//G) > 2 as in Lemma 11, which 
is a contradiction. So the assertion is true. Note that G is a subgroup 
of Auts{V^ X Pi) := {g e Aut (P^ x P^) | g{S) = S,g{D) = D], where 
S = {ei, 62, /i, /2} is the intersection of four fibres, two from each ruling and 
D (= ip{D)) is a fifth fibre. By the assertion, we have: 
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(*) G\s equals either the Klein group V or ((eie2)(/i/2)) or ((ei/i)(e2/2)). 



Let i : G ^ Aut {D n Ai, D n A2} = Z/ (2) be the natural homomorphism. 
As in Figure 32, we have H := Ker(i) C {diag[fo, c]\hc^ 0}, and G/H = (0) 
or Z/(2). Conversely, any finite subgroup G of 74ui5(P^ x P^) satisfying (*) 
can act on X faithfully with p{X//G) — 1. 

Fig 35. Let be in G switching Ai and A2 (Lemma 11). Let H be the 
(normal) subgroup of G stabilizing Ai (and hence also A2). As in Figure 6, 
H is abclian, G = {g,H), and the case G = (g) = Z/(2) is realizable (see 
Lemma 7; indeed Figure 35 is different from Figure 6 only in labelling). 

Fig 36. Let Hi (resp. H2) be the (normal) subgroup of G stabilizing all Ei 
(resp. stabilizing Ai). Then both Hi are normal in G such that G/H2 = (0) 
or _Z/{2) and H2/H1 C ^4. As in Figure 2, Hi = (/i). If G = i/2, then 
p{X//G) — 1 implies that H2 acts on the set {£'1, . . . , E4} transitively, i.e., 

H2/H1 is a transitive subgroup of 5*4. Conversely, (g) = Z/(2) can actually 
act on X such that p{X//{g)) = 1 and g{Ei) = Fi for all i (see Lemma 7, 
noting that Figure 36 is different from Figure 4 only in labelling). 

Fig 37. Let i) : X ^ be the blow-down of E2 + A2(4) + A2(5) and 
El + A2(l) + A2(2) to points, say Pi = [0,0,1] and P2 = [0,1,0]. Then 
ip is G-equivariant. G fixes the Pi and the intersection of D and Ai with 
coordinates say [1,0,0] on P^. Set Pi := E2 D A2(4). Then G C {g ^ 
diag [1,&, c] G PGL 2(C) | g{Pl) = P{}- Conversely, any finite group in 
POL 2(C) of such form can act on this X faithfully so that p{X//G) — 1. 
(Note that p{X) is already 1.) 

Fig 38. Let H be the (normal) subgroup of G stabilizing Ai (and hence also 
A2). As in Figure 2, H = {h), where /i|a,(2) =id. Note that G/H < Z/(2). 
The case G = G/H = Z/(2) is realizable (see Lemma 7; indeed, blowing 
down E, the Figure becomes Figure 5). 

Fig 39. Let be in G switching Ai and A2 (Lemma 11). As in Figure 2, 
G — {g,h), where /i|Ai(2) =id, and the case G — (g) ^/(2) is realizable 
(see Lemma 7; indeed Figure 39 is different from Figure 2 only in labelling). 

Fig 40. Figure 40 is identical with Figure 28 with only difference in labelling. 

Fig 41. Let V : a: ^ P2 be the blow-down E + A2(l) + A2(2) to a point 
Pi. Then tjj is G-equi variant. G fixes Pi and the intersection point P2 of D 
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with Ai. Thus G C {g e PGL 2(C) | g{Pi) = Pi{i = 1, 2),g{D) = 5}, where 
D (= ip{D)) is a conic intersecting the hne Lp-^p,^ (= ■0(Ai)) at the points 
Pi. Conversely, any finite group in PGL 2(C) of such form can act on this X 
faithfuUy so that p{X//G) = 1. (Note that p{X) is aheady 1.) 

Fig 42. Let ^ : X ^ P2 ^j^g blow-down of + A2(l) + A2(2) and E2 + A 
to points P2 = [1, 0, 0] and P3 = [1, 1, 0] say. Then ip is G-equivariant. G fixes 
three points Pi {i = 1, 2, 3) where Pi = D n A2(3) with Pi = [0, 1, 0] say, aU 
lying on the line ■0(A2(3)) — {Z — 0}, and also the intersection point P4 — 
DnAi with P4 = [0, 0, 1] say. Then G = (g) with g = [1, 1, c]. Conversely, 
any finite cyclic group can act on this X faithfully so that p{X//G) — 1. 
(Note that p{X) is already 1.) 

Fig 43. Let V : ^ ^ be the blow-down of Ei, E2 and E + A2(l) + A2(2) 
to points Pi {i = 1,2,3), respectively. Then is G-equivariant. G fixes 
three points P3 = [1,0,0] say, P4 := P* n A2(3) = [0, 1,0] and P5 := P n 
Ai = [0, 0, 1]. Note that Pi, . . . , P4 lie on the same G-stable line V(A2(3)) = 
{Z — 0} say. So G C {diag [1, 6, c] | 6c 7^ 0}. Let g be an element in G 
switching Pi and P2 (see Lemma 11). Then g switches Pi and P2. We may 
assume that Pi = [1,1,0]. Now 5'(Pi) = P2 and 5'(P2) = Pi imply that 
P2 = [1,-1,0] and g = [1,-1, ci]. Let H be the (normal) subgroup of G 
fixing Pi (and hence P2). Then H — (h) for some h — diag [1, 1,02]. Thus 
G — (g — diag [1, — 1, ci], /i = diag [1, 1, C2]). Conversely, any finite group in 
PGL 2(C) of such form can act on this X faithfully so that p{X//G) — 1. 

Theorem A is a consequence of the lemmas in §1. Theorem B is proved in 

the arguments above. For instance, the assertion that k,{X \ D) = —00 in 
the Hypothesis (H), follows from the observation that —{Kx + P + A) = 
—f*{Kj^ + D) is nef and big. Indeed, from the construction of the action 
of G on X, we see that p{X//G) = 1. So the G-stable divisor —{Kj^+ D) 
is either numerically trivial, or ample or anti-ample (see Lemmas 1 and 2). 
Now the observation that -(ii'y-FP).P = -{Kx + D + A).D = 2- P. A > 
shows that —{K^ + D) is ample and hence —{Kx + P + A) is nef and big. 

Theorem C follows from the classification of the group G in §2. Indeed, for 

K\ < 4, we see that either G is a subgroup of PGL 2 as in Theorem C, or 
there is a sequence of subgroups of G such that the factor groups are abelian, 
or G is as in the case of Figure 25. The easy calculation of K]^ is given below. 
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Lemma 14 For the X in Figure m, we calulate K\. 

(1) K\ = 2, if m is one of 7 - 13, 29 - 31. 

(2) Kl = 3, if m is one of 2 - 3, 24, 26 - 28, 37 - 40. 

(3) = 4, if m is one of 4 - 6, 23, 25, 32 - 36, 42 - 43. 

(4) K\ = 5, if m is one of 15, 19. 

(5) Kl = 6, if m is one of 1, 14, 16 - 18, 20 - 22, 41. 
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